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Detailed experimental velocity, particle concentration, and stresses for flow of particles
in a vertical pipe, riser are needed for verification of various CFD models for multiphase
flow. This is the principle-unsolved task of the Fluid Dynamics Multiphase Flow Con-
sortium, organized by Dow Chemical Company. This study provides such information for
flow of 530 �m glass beads in the fully developed flow region of a 7 m symmetric riser
with a splash plate. Instantaneous particle-velocity distributions were obtained using a
particle velocity imaging technique, and a probe inserted into the riser, while the particle
concentrations were measured with a gamma-ray densitometer. Time-averaged particle-
velocity distributions can be well represented by a parabolic- velocity distribution, with
the mean velocity obtained from flux divided by the measured bulk density. The flow is very
anisotropic. The radial granular-temperature profiles agree with an analytical expression
similar to the thermal-temperature distribution in Poiseuille flow with viscous heat
generation. A numerical solution for the standard isotropic model developed shows that
the approximations made in the analytical solutions are reasonable. In the core, the
normal Reynolds stresses are much smaller than the velocity averaged particle stresses,
whereas near the wall the time averaged normal Reynolds stresses are large. © 2004
American Institute of Chemical Engineers AIChE J, 50: 1760–1775, 2004
Keywords: fluidization, gas-particle flow, kinetic theory, Reynolds stresses

Introduction

Quantitative understanding of the hydrodynamics of fluidi-
zation is needed for the design and scale-up of efficient new
reactors in the petroleum, chemical, and in the electric power
industries (Avidan et al., 1990; Squires et al., 1985; Berruti et
al., 1995; Sinclair, 1997). For example, it was only a decade
ago that the oil industry using gamma ray techniques (Sun and
Koves, 1998) learned that their large diameter risers operate in
the core-annular regime: the core is very dilute. The core-
annular structure leads to two main problems: (1) insufficient
gas-solid contact, and (2) back-mixing due to nonuniform
radial distributions (Jin et al. 1997). Our simulation (Therdthia-
nwong and Gidaspow, 1994) of sorption of sulfur dioxide by

calcined dolomite in a Pyropower CFB loop shows that the
pollutant gas is fully removed in the annulus, but not at the
center of the riser. This unfavorable radial volume fraction
distribution of solids in the riser has led to considerations of
new schemes of contacting for a refinery of the 21st Century.

There is a worldwide effort (Australia: CSIRO; Canada:
Grace et al., 1990; China: Kwauk et al., 1986; England: Rhodes
et al. 1989; France: Galtier et al. 1989; Azzi et al., 1991;
Germany: Werther et al., 1990; Italy: Arena et al. 1989; Japan:
Tsuji et al. 1998; Netherlands: Nieuwiand et al., 1996; Norway:
Samuelsberg and Hjertager, 1996; USA: Bader et al. 1988;
Weinstein et al., 1986; Sinclair and Jackson, 1989; Sinclair,
1997; Pita and Sundaresan, 1991; Zhang et al. 1996, Benyahia
et al. 1998) to understand the hydrodynamics of dense vertical
gas-solid flow in a pipe usually referred to in the literature as
circulating fluidized bed, or riser flow. Earlier, this flow regime
was called fast fluidization, to distinguish it from the slow
bubbling fluidization (Squires et al., 1985; Yerushalmi, 1986).
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Recently, Berruti et al. (1995) have reviewed the hydrodynam-
ics of circulating fluidized-bed risers.

Multiphase flow models were reviewed by Shook and Roco
(1991), Gidaspow (1994); Sinclair (1997); Crowe (1996,
1998), and Jackson (2000) in the U.S., by Hjertager et al.
(1998), from Norway, by Kuipers et al. (1998) from Holland
and by Enwald et al. (1996) from Sweden. Different ap-
proaches to the computation (Kashiva et al. 2000; Gidaspow,
2000; Sundaresan, 2000; Smith et al. 2000; Crowe, 2000) and
measurement (Dudukovic, 2000) of multiphase flow turbulence
were discussed at the April 2000 MFDRC meeting (Thomp-
son). The CFD models can be used to compute Reynolds
stresses, as was demonstrated by the Dudukovic group (Pan et
al., 2000), with the Los Alamos CFDLIB for gas-liquid flow
using PIV data obtained in L. S. Fan laboratory (Mudde et al.,
1997). A similar computation was performed by Matonis et al.
(2002) for gas-liquid-solid flow, and compared to IIT data.

Sinclair and Jackson (1989) were the first to analyze fully
developed riser flow using kinetic theory of granular flow.

They predicted the existence of the core annular regime. The
analytical solution for granular temperature is a special case
of that theory for elastic particles. The existence of the
core-annular regime and cluster formation were computed at
the same time by Gidaspow et al. (1989); Tsuo and Gi-
daspow (1990), and by Gidaspow et al. (1991), using a
transient two-dimensional (2-D) hydrodynamic model with
particle viscosity as an input, and compared to experiments
of Bader et al. (1988) and Weinstein et al. (1986). Anderson
et al. (1995) used a similar model for bubbling beds. There-
fore, it is not necessary to use kinetic theory to compute the
core-annular regime. The model of Gidaspow et al. (1989)
computes turbulent oscillations, which allow the particles to
migrate toward the wall, where the velocity is too small to
support their weight, resulting in accumulation or even
down flow. This model is, however, not in conflict with the
kinetic theory model, since one can define a turbulent gran-
ular temperature as the average of the normal Reynolds
stresses. The available experimental data were insufficiently

Table 1. Hydrodynamic Model

Gas-phase continuity
�

�t
��g�g� � � � ��g�gvg� � 0

Solid-phase continuity
�

�t
��s�s� � � � ��s�svs� � 0

Gas-phase momentum
�

�t
��g�gvg� � � � ��g�gvgvg� � ��Pg � � � Tg � �gg � ��vs � vg�

Solid-phase momentum
�

�t
��s�svs� � � � ��s�svsvs� � � � Ts � �s��s � �g�g � ��vs � vg�

Solid-phase fluctuating energy 3

2 ��

�t
��s�s	� � � � ��s�s	vs��� Ts : �vs � � � �
s�	� � �s

Gas-phase stress tensor Tg � 2�g�g�1

2
��vg � ��vg�

T� �
1

3
�� � vg�I�

Solid-phase stress tensor Ts � ��Ps � �s� � vs�I � 2�s�1

2
��vs � ��vs�

T� �
1

3
�� � vs�I�

Solid pressure Ps � �s�s	[1 � 2(1 � e)go�s]

Bulk solid viscosity �s �
4

3
�s

2�sdp�1 � e�go�	



Solid viscosity

�s �
10�
�sdp�	

96�1 � e�go
�1 �

4

5
�1 � e�go�s�2

�
4

5
�s

2�sdp�1 � e�go�	




Granular conductivity

s �

150�
�sdp�	

384�1 � e�go
�1 �

6

5
�1 � e�go�s�2

� 2�s
2�sdp�1 � e�go�	




Collisional energy dissipation
�s � 3�1 � e2��s

2�sgo	� 4

dp
�	



� � � vs�

Drag coefficient �g � 0.8: � �
3

4
Cd

�s�g�vg � vs�
dp

�g
�2.65

Res �
�g�gdp�vg � vs�

�g
Cd �

24

Res
�1 � 0.15Res

0.687�; Res � 1,000

Cd�0.44; Res�1,000

Drag coefficient �g 	 0.8: � � 150
�s

2�g

�g
2dp

2 � 1.75
�g�s�vg � vs�

dp�g
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accurate to determine whether laminar or turbulent granular
temperatures were more important.

Pita and Sundaresan (1991) noted the sensitivity of the
Sinclair and Jackson model to the value of the restitution
coefficient. Hence, their group (Dasgupta et al., 1994, 1998)
added the turbulent particle oscillations using the single-phase
K-epsilon approach. Hrenya and Sinclair (1997) modified this
approach and computed granular temperatures, solid pressures,
and viscosities for FCC particles that are close to the measure-
ments of Gidaspow and Huilin (1996, 1998). They were com-
puted before the publication of the experimental data. In the
core of the riser Hrenya and Sinclair ’s viscosities were nearly
constant, as in this study, although the turbulent viscosities

were somewhat higher. The data presented in this article for the
Geldart group, B particles show that the particle turbulence in
the core of the riser is much smaller than the laminar particle
stresses. Cao and Ahmadi (1995) solved the coupled fluctuat-
ing kinetic energy equations for developed pipe flow for the
particulate and the fluid phases. The coupling was through a
drag-like term, similar to that in the granular temperature
balance. For the simulation of Miller and Gidaspow (1992)
experiment of flow of FCC particles in a riser, they obtained
the observed core-annular flow and approximately the mea-
sured granular temperature before its publication (Gidaspow
and Huilin, 1996). Zhang and VanderHeyden (2001, 2002)
numerically solved the transient two-phase flow equations for
extremely dilute flow, where the conventional kinetic theory is
not applicable. They compared their computed values to mea-
surements in the “dilute zone of a CFB” (Van den Moortel et
al. 1998), more properly called the freeboard. The laser-
Doppler technique used by these authors cannot be applied to
measurements in the CFB due to a curtain of solids at the wall
of the riser, which absorbs the laser beam. Hence, Zhang and
VanderHeyden’s dilute simulations, although interesting, shed
no light on the behavior of a real CFB, where the particle
volume fraction in the core is of the order of a few percent.

The primary purpose of this article is to present unique
measurements of laminar and turbulent stresses for flow of 530
�m glass beads in the fully developed riser, constructed to give
symmetric flow. The new experimental technique is capable of
distinguishing between the laminar and the turbulent particle
stresses. The laminar normal particle stresses are much larger
than the turbulent stresses in the core of the riser, although they
are of the same order of magnitude, or larger in the dense
annular region. The shear stresses, as expected from theory, are
zero at the center, increase almost linearly with radius, and then
decrease in the dense annular region. The flow is very aniso-
tropic, like single-phase turbulent flow in a pipe. The conven-
tional kinetic theory of granular flow does not consider anisot-
ropy. Nevertheless, it approximately predicts the observed
laminar type flow in the center of the pipe. It also shows that
the measured granular temperature can be roughly represented
by an analogue of thermal temperature rise in Poiseuille flow
with viscous heat generation. A more detailed analysis using
the anisotropic kinetic theory of Strumendo and Canu (2002) is
in progress (Strumendo et al., 2003).

Hydrodynamic Model

A kinetic theory based hydrodynamic model with Johnson
and Jackson (1987) boundary conditions has been developed

Figure 1. Riser geometry used in the simulation.

Table 2. Simulation Conditions and System Properties

Riser diameter 7.62 cm
Riser inlet diameter 4.23 cm
Riser height 699 cm
Particle size 530 �m
Particle density 2.46 g/cm3

Restitution coefficient (e) 0.98, 0.95, 0.89
Wall restitution coefficient (ew) 0.60
Specularity coefficient (�) 0.60
Solid mass flux 1.42 g/cm2-s
Gas superficial velocity 490 cm/s (in the 7.62 cm ID tube)
Grid size (
r � 
z) 0.423 cm � 1.50 cm
Grid number 11 (radial) � 466 (axial)
Time step 5 � 10�5
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by Neri and Gidaspow (2000), and applied to flow of FCC
particles in the IIT riser with a U-type outlet. In this study, we
have replaced the U-tube outlet with a splash plate as described
in the experimental section. For the simulation, we have used
cylindrical coordinates with axial symmetry. In this model, the
unknown empirical parameters are the restitution coefficient
for particles. The restitution coefficient for the particles with
the wall was estimated from the measurements as shown in
Table 4. Its average value is 0.6. This value is reasonable since
the wall is softer than the particles.

Table 1 shows a summary of the basic equations. Figure 1
shows the sketch of the riser geometry used in the simulation.
Table 2 gives the simulation conditions and the relevant di-
mensions. Table 3 shows the inlet, outlet, and boundary con-
ditions. Unlike in the simulation of Neri and Gidaspow (2000),
a parabolic solid velocity profile was used for the inlet condi-
tion.

Solids Velocity Distribution in the Core

For a developed flow, general equations given in Table 1 can
be greatly simplified, as already shown in the pioneering article
by Sinclair and Jackson (1989). The sum of the gas and solid
momentum balances produces an equation for the mixture.

For a developed flow, this time averaged mixture momentum
balance in axial direction, with negligible solid and gas-phase
turbulence, can be written as follows

0 �
dP�

dz
� ��� s�s � ��g�g�gz �

1

r

d

dr �r�s

dV� sz

dr
� r�g

dV� gz

dr � (1)

Since the order of magnitude of gas-phase density and viscosity
is much less than solid phase, Eq. 1 can further be simplified to
the following equation

0 �
dP�

dz
� ��� s�s� gz �

1

r

d

dr �r�s

dV� sz

dr � (2)

Figure 2. IIT Circulating fluidized bed with splash plate.

Table 3. Inlet and Outlet Conditions Used in the Simulation

Inlet Conditions
r/R: 0.1 0.3 0.5 0.7 0.9
Gas Inlet Velocity, cm/s: 1954 1885 1797 1670 1428
Solid Inlet Velocity, cm/s: 182 167 138 94 35
Solid Volume Fraction: 0.02 0.02 0.02 0.02 0.02
Granular Temperature, cm2/s2: 2201 2184 2064 1673 757

Outlet Conditions
Continuous outflow
Boundary Conditions

Solid Phase (Johnson and Jackson, 1987): vs,w � �
6�s�s,max

�3
��s�sgo�	

�v
�n
	

wall

	w � ��
s	

�w
� �	

�n
	

wall

�
�3
��s�svs,w

2 go	w
3/2

6�s,max �w

where �w �
�3
�1 � ew

2 ��s�sgo	w
3/2

4�s,max

Gas Phase: vr,w � vz,w � 0

Table 4. Estimate of Restitution Coefficients at the Wall

Flux (kg/m2 � s) 	w (cm2/s2) (d	/dr)w (cm/s2) �sw ew

14.90 274 386 0.016 0.56
43.85 305 742 0.030 0.61

	w � 0.145
dp

�s�1 � ew
2 �

d	

dr
	

w
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Next, the flow is divided into core and annular sections. For a
thin annular region, an approximate analytical solution can be
obtained to Eq. 2, like Poiseuille flow for a fluid with no slip at
the wall

Vsz � 2VsM�1 �
r2

R2� (3)

The mean velocity is obtained from the measured flux and
solids volume fraction as shown below

VsM �
WsM

�sM�s
(4)

Granular Temperature Analytical Solution

Table 1 provides the general granular temperature equation.
In developed flow in a riser with flow of elastic particles, the
granular temperature balance involves a balance between con-
duction and generation, as shown by Sinclair and Jackson
(1989). In cylindrical coordinates it is as follows for a constant
conductivity 
s, and particle viscosity �s

�
1

r

d

dr �r
s

d	

dr� � �s�dVsz

dr �
2

(5)

As a limit, it was assumed that all dissipation occurs at the wall.
We prescribe the wall granular temperature at the pipe surface
r � R

	 �R� � 	w (6)

Figure 3. Particle image velocity measurement system
with probe.

Figure 4. Probe locations for particle velocity measure-
ments.

Figure 5. Typical streak images captured by CCD cam-
era and axial, and tangential velocity distribu-
tion.
Ws � 14.2 kg/m2s, Uo � 4.9 m/s, at r/R � 0.50.
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Integration of Eq. 5 then gives a fourth-power dependence of
granular temperature on the radius, like the thermal tempera-
ture rise in Poiseuille flow (Schlichting, 1960)

	 � 	w �
�s


s
VM

2 �1 � � r

R�
4� (7)

where the ratio of viscosity to conductivity is as follows

�s


s
�

4

15
Theory �Gidaspow, 1994� (8)

Riser and Experimental Procedure

In collaboration with the SANDIA National Laboratory in
Albuquerque, through the Fluid Dynamics Multiphase Flow
Consortium (Thompson, 2002), the IIT two story riser (Miller
and Gidaspow, 1992) was rebuilt with a splash plate at the top
to give symmetric flow, similar to the larger unit located at
SANDIA (AIChE meeting, 2001). Figure 2 shows the riser.

Riser

The IIT circulating fluidized bed (CFB) was rebuilt in order
to correct the nonsymmetrical behavior caused by the elbow
type outlet. A splash plate replaced the nonsymmetric outlet.
The splash plate was fabricated from a clear acrylic tube with
a 25.4 cm OD and 61.0 cm height. The unit was originally
constructed by Miller and Gidaspow (1992) at IIT. It mainly
consists of a riser, a downcomer, air-solid separation cyclones,
and a U-tube inlet. The riser consists of four removable sec-
tions made of acrylic tube of 7.62 cm ID, with total a height of
705 cm. Air and solids mix in the U-tube and flow through 5.1
cm ID pipe to the riser. A slide valve was used to control the
solids flow to the downstream U. The outlet of the splash plate
is connected to a primary cyclone, where solids and air separate
by a 7.62 cm ID flexible hose. The solids discharge from the
bottom of the cyclone to a 10.2 cm ID PVC pipe downcomer,
which is 475 cm in length. A 10.2 cm ID butterfly valve was

Figure 6. Gamma-ray densitometry.

Figure 7. A comparison of the solids axial velocity dis-
tributions to the analytical solution, and the
simulation.
Ws � 14.2 kg/m2�s, Uo � 4.9 m/s, Level 4.2 m. ■ Experi-
ment; Analytical solution; - - - - Numerical solution
e�0.98.

Figure 8. Universal parabolic particle velocity distribu-
tion for various solids fluxes (Ws) and inlet gas
velocities (Uo).
Level 4.2 m. � Ws � 14.2 kg/m2-s, Uo � 4.9 m/s. �Ws �
21.4 kg/m2-s, Uo � 5.1 m/s. ‚Ws � 28.7 kg/m2-s, Uo � 5.6
m/s. EWs � 43.9 kg/m2-s, Uo � 6.0 m/s. Analytical
solution.

Figure 9. Radial and tangential particle-velocity distri-
bution for various solids fluxes (Ws), and inlet
gas velocities (Uo).
Level 4.2 m. � Ws � 14.9 kg/m2-s, Uo � 5.1 m/s (radial). �Ws
� 21.4 kg/m2-s, Uo � 5.1 m/s (radial). ‚Ws � 28.7 kg/m2-s, Uo
� 5.6 m/s (radial). EWs � 43.9 kg/m2-s, Uo � 6.0 m/s (radial).
■ Ws � 14.2 kg/m2-s Uo � 4.9 m/s (tangential).
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built on the primary cyclone solids outlet pipe to measure time
average solid flux by a stopwatch and ruler. The solid particles
used were 530 �m glass beads with a density of 2.46 gr/cm3.

Compressed air was introduced through three injection
points in the U-tube. The slide valve at the bottom of the
hopper, in the downcomer, was opened slowly until a desired
solid flow rate was obtained. Glass beads from the downcomer
flow to the U-tube and mix with air. The air-solid mixture flows
through a 5.1 cm ID pipe to the riser. The solids flow rate was
measured by closing the valve at the primary cyclone outlet
pipe, and using a stopwatch and ruler. Steady-state conditions

were maintained by keeping the solids level constant in the
downcomer.

Particle Image Velocimetry System

Particle Image Velocimetry (PIV) described elsewhere (Gi-
daspow and Huilin, 1996), was used to measure the axial,
radial, and tangential velocities of the particles. The system
basically consists of a charge coupled device (CCD) camera, a
fiber optic light, a probe, a small motor with a rotating trans-
parency, and a personal computer with image processing soft-
ware of Image-Pro PlusTM. Figure 3 shows the PIV setup. In
this study, we added a rotating transparency to determine the
direction of the velocities by observing the order of the colors
in the streak images. The camera has 10 electronic shutter
settings and four modes for gain control. A metal probe of 5.8
cm length, and 0.5 cm ID was used in the experiments to obtain
a radial profile of the measured values. The tip of the probe was
covered with a 0.5 mm thin glass piece. The camera is con-
nected to a personal computer, which has a micro-imaging
board and micro-imaging software for data measurement and
analysis. An 8.0 cm dia. colored transparent disc was used to
decide the direction of particles.

A CCD camera was used to measure instantaneous particle
velocities in a control volume. In order to get a good visual-
ization of microscopic movement of particles, a fiber optic light
was reflected on the field of view in the back of the riser tube.
A probe passing through the annulus regime was used in the
experiments to get a view in the riser. The field of view in most
experiments was 0.5 cm in dia.. The various locations of the
probes can be seen in Figure 4. The camera was aimed through
the probe into the riser. The zoom and focus settings were set
to maximum to get minimum depth of the control volume. A
rotating colored transparent disc was placed in front of the light
source to decide the direction of flow. The order of the colors

Figure 10. Particle image view through CCD camera for
530-�m glass beads.

Figure 11. Average solid volume fractions measured with gamma-ray densitometry, and CCD camera.
Level 4.2 m.
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on the streak lines indicates the direction. Figure 5 shows
typical streak lines generated on the computer screen, and their
distributions. These streak lines represented the space traveled
by the particles in a given time interval specified on the camera.
The images were then captured and digitized by a micro-
imaging board, and analyzed using Image-Pro PlusTM software.
Radial, tangential, and axial measurements were conducted at
different locations inside the riser. The tangential and radial
velocities were not measured at the same time. The velocity of
a single particle was calculated as

cr or c	 � �L/t�Cos � (9)

cz � �L/t�Sin � (10)

where L is the distance traveled or streak length, � is the angle
from horizontal, t is the time elapsed by particle, which is the
inverse of the shutter speed of the camera, and cr, c	, cz are the
radial, tangential, and vertical velocity components, respectively.

The CCD camera was also used for estimation of solids
volume fraction, and it is calculated as

�s � nVp/Ah (11)

where �s is the solid volume fraction, n is the number of
particles, Vp is the volume of a single particle, A is the view
area, and h is the depth.

Gamma-ray Densitometry Experiments

The use of gamma-ray densitometries for measuring particle
concentrations is a well-known technique (Gidaspow, 1994).
This nonintrusive technique is based on the fact that the gas and
solid phases have different absorptivities for gamma ray. The
intensity of the transmitted gamma rays can be described as a
linear function of the volume fractions of gas and solid phases.
The Lambert-Beer’s law can give the amount of radiation that
is absorbed by a material

I � Ioexp��
�l � (12)

where I is the intensity of transmitted radiation, Io is the
intensity of incident radiation, 
 is the attenuation coefficient,
� is the density of material, and l is the path length.

The logarithmic form of the equation for gas-solid phase
fluidized beds is

ln�I/Io� � Ag�g � As�s (13)

where A� 
�l, �g and �s are the volume fractions of gas and
solid, respectively. The relation for volume fractions is

�g � �s � 1 (14)

Figure 12. A comparison of solids volume fractions
measured with CCD camera to the numerical
solution.
Level 4.2 m. ■ Experiment (Ws � 14.2 kg/m2-s Uo � 4.9
m/s). Numerical solution (e�0.98).

Figure 13. Simulated core-annular regimes in the riser.
Ws � 14.2 kg/m2�s, Uo � 4.9 m/s.
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The coefficients in Eq. 13 were calculated by measuring the
radiation intensities at known solid volume fractions as described
earlier (Seo and Gidaspow, 1987; Gidaspow et al., 1983).

Time and area-averaged solid volume fractions at a specific
location were obtained by converting the voltage readings from
the data acquisition system using a calibration curve. Radiation
counts were converted to voltage by a rate meter. Data was
recorded by the data acquisition system at least for 1 min long,
with a 0.03 s sampling time at a specific location.

The gamma-ray source is a 500 mCi-Cs-137 source, having
a single gamma ray of 667 keV, and a half-life of 30 years (see
Figure 6). The Cs-137 source was sealed in a welded stainless
steel capsule. The source holder was welded, filled with lead,
and provided with a shutter to turn off the source. The trans-
mitted beam intensity was measured by using a NaI(Ti) crystal
scintillation detector (EG&G Model 905), which was con-
nected to photo multiplier base (EG&G Model 266). The
signals from the photo multiplier were passed through a pre-
amplifier, an amplifier, and a single-channel analyzer, a rate
meter, and a data acquisition system. The rate meter has a
selector and a 0-100-mV scale range. The beam from the

source was collimated through a 1.27 cm hole on 3.8 cm thick
lead plate.

Data Acquisition System

Signals from the gamma ray come to data acquisition sys-
tem. The data acquisition system consists of a software pro-
gram, hardware devices, and a 500 MHz Pentium™ III per-
sonal computer. The software is Lab-View 5.0 program. The
hardware parts are DAQ board, SC-2050 Adapter (National
Instruments) and Voltage Input Module (Model 5B41-01, An-
alog Devices), which accepts -1V to 1V input signals, and
provides -5V to 5V output, for data measurement and analysis.

Experimental Results
Time averaged hydrodynamic particle velocities

Instantaneous radial particle velocity distributions of 530
�m glass beads were measured using our improved CCD
camera technique by inserting a probe into the riser. Radial
distribution of time-averaged axial, radial, and tangential solid-

Figure 14. Solids volume fraction distributions at higher
fluxes.
Level 4.2 m. � Ws � 14.9 kg/m2-s, Uo � 5.1 m/s. �Ws �
21.4 kg/m2-s, Uo � 5.1 m/s. ‚Ws � 28.7 kg/m2-s, Uo � 5.6
m/s. EWs � 43.9 kg/m2-s, Uo � 6.0 m/s.

Figure 15. Normal stresses per unit bulk density in the
direction of flow for two similar conditions for
dilute flow.
Level 4.2 m. � Ws � 14.2 kg/m2-s, Uo � 4.9 m/s (measured
from left). ■Ws � 14.2 kg/m2-s, Uo � 4.9 m/s (measured
from right). EWs � 14.9 kg/m2-s, Uo � 5.1 m/s.

Figure 16. Normal stresses per unit bulk density in the
direction of flow for denser flow.
Level 4.2 m. � Ws � 21.4 kg/m2-s, Uo � 5.1 m/s. Œ Ws �
28.7 kg/m2-s, Uo � 5.6 m/s. FWs � 43.9 kg/m2-s, Uo � 6.0
m/s.

Figure 17. Radial and tangential normal stresses per
unit bulk density.
Level 4.2 m. � 
C	C	� Ws � 14.2 kg/m2-s, Uo � 4.9 m/s
(measured from left). ■ 
C	C	� Ws � 14.2 kg/m2-s, Uo �
4.9 m/s (measured from right). E 
CrCr� Ws � 14.9 kg/m2-s,
Uo � 5.1 m/s.
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phase velocities, were obtained at heights of 4.2 m and 5.0 m
of the riser inlet. Experiments were carried out at five different
flow conditions at a height of 4.2 m, and at one-flow condition
at a height of 5.0 m.

Radial distributions of axial, tangential, and radial particle
velocities are shown in Figures 7 to 9 for a range of solid fluxes
and gas velocities obtained in the IIT riser in the circulating
fluidized-bed regime. At much higher solid fluxes and much
lower gas velocities, we reached the limiting carrying capacity
of the riser called choked flow.

Figure 7 shows the axial velocity profile measured with a
probe inserted from both sides. The error bars were estimated
from duplicate measurements. The experimental errors are
larger near the center, due to a possible disturbance by the
probe. The analytical solution was determined by computing
the mean velocity VsM in Eq. 3, by use of Eq. 4.

Here

VsM �
1.42

0.01 � 2.5
� 56.8 cm/s

The lack of perfect agreement between the experiment and
analytical solution is due to neglect of the thin annular region.
The small difference between the simulation and the experi-
ment is probably due to the fact that the computer code did not
predict the small-scale turbulence observed in the experiment.

Figure 8 shows the comparison of all the axial velocity
distributions determined in this study to the parabolic velocity
distribution. The data for all but the flux shown in Figure 7,
were obtained from one side only. Figure 9 summarizes the
radial and tangential velocities. They are much smaller than the
axial velocities shown in Figure 7 and 8. Hence, the error bars
in Figure 9 are larger than those in Figure 8. Since the radial
and tangential velocities were small compared to the axial
velocity, the flow is developed.

Solid Phase Volume Fraction Distributions

Solid volume fractions of 530 �m glass beads were esti-
mated by using the CCD camera technique. Figure 10 shows a
typical view of the particles through the probe at the highest
shutter speed. At lower shutter speed, streaks are obtained.
Instantaneous particle concentration can be obtained by count-

Figure 18. Radial normal stresses per unit bulk density
for denser flow.
Level 4.2 m. � Ws � 21.4 kg/m2-s, Uo � 5.1 m/s. ‚Ws �
28.7 kg/m2-s, Uo � 5.6 m/s. EWs � 43.9 kg/m2-s, Uo � 6.0
m/s.

Figure 19. Radial and tangential shear stresses per unit
bulk density for dilute flow.
Level 4.2 m. � 
C	Cz� Ws � 14.2 kg/m2-s, Uo � 4.9 m/s
(measured from left). ■ 
C	Cz� Ws � 14.2 kg/m2-s, Uo �
4.9 m/s (measured from right). E 
CrCz� Ws � 14.9 kg/m2-s,
Uo � 5.1 m/s.

Figure 20. Radial shear stresses per unit bulk density for
higher flux.
Level 4.2 m. � Ws � 21.4 kg/m2-s, Uo � 5.1 m/s. �Ws �
43.9 kg/m2-s, Uo � 6.0 m/s

Figure 21. A comparison of granular temperature to an
analytical solution obtained from kinetic the-
ory and to numerical solutions.
Level 4.2 m. � Ws � 14.2 kg/m2-s, Uo � 4.9 m/s (measured
from left). ■Ws � 14.2 kg/m2-s, Uo � 4.9 m/s (measured
from right). FWs � 14.9 kg/m2-s, Uo � 5.1 m/s. Ana-
lytical solution; numerical solution e � 0.98; nu-
merical solution e � 0.95; - - - - numerical solution e �
0.89.
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ing the number of streaks per unit volume. The depth was
estimated by moving the camera backward and forward until
the object goes out of focus. A typical depth is 7 mm. Area and
time-averaged solid volume fractions were also acquired by
using gamma-ray densitometry. As it can be seen in Figure 11,
there is fairly good agreement between solid volumes fractions
measured by the two methods.

Figure 12 shows a comparison of the measured solid-volume
fractions to the numerical simulation. The solid-volume fractions
in Figure 12 at the left wall were determined without using the
probe. The agreement between the simulation and the experiment
is within the experimental error. Figure 13 shows the fully devel-
oped core annular structure. Due to the inlet geometry in the IIT
riser, the densest portion is not at the very bottom of the riser. This
phenomenon was already observed in the simulation of Neri and
Gidaspow (2000). The solid volume-fraction distributions for the
higher fluxes are shown in Figure 14.

Solid Phase Normal and Shear Stresses

Variances of fluctuating velocity in axial, radial, and tangen-
tial direction were calculated from instantaneous particle ve-
locity measurements. The fluctuating velocity, also called as

peculiar velocity, is defined as instantaneous particle velocity
minus hydrodynamic velocity


CiCj��t, x� �
1

N 

k�1

N

�cik � vi��cjk � vj� (15)

The hydrodynamic velocity vi is computed as the average value
in each figure, as

vi�t, x� �
1

N 

k�1

N

cik�t, x� (16)


CiCj��x� �
1

T �
t

t�T


CiCj��t, x�dt (17)

where N is the number of particles per unit volume; cik is the
instantaneous particle velocity in the ith-direction for the kth streak

Figure 22. Comparison of dimensionless granular tem-
perature to dimensionless analytical solution.
Level 4.2 m. � Ws � 14.2 kg/m2-s, Uo � 4.9 m/s. �Ws �
21.4 kg/m2-s, Uo � 5.1 m/s. ‚Ws � 28.7 kg/m2-s, Uo � 5.6
m/s. EWs � 43.9 kg/m2-s, Uo � 6.0 m/s. Dimensionless
Analytical Solution.

Figure 23. Variation of granular temperature with time.
Level 4.2 m. Ws � 14.9 kg/m2-s, Uo � 5.1 m/s. r/R � 0.58.

Figure 24. Typical time series of axial velocity.
Ws � 43.9 kg/m2�s, Uo � 6.0 m/s Level 4.2 m. � r/R �
0/0. � r/R � 0.87.

Figure 25. Normal stress per unit bulk density and nor-
mal Reynolds stress per unit bulk density for
dilute flow.
Ws � 14.9 kg/m2�s, Uo � 5.1 m/s Level 4.2 m. ■ Vz’Vz’;
F 
CzCz�
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in a single frame; vi is the instantaneous hydrodynamic velocity in
the ith-direction; i is r, 	, z; and T is the time interval.

Figures 15 to 18 show the time-average values of the normal
stresses per unit bulk density, �s�s, 
CrCr�,, 
C	C	� and 
CzCz�
as a function of the radial position for various solid fluxes and
gas flow rates. The variances of fluctuating velocity in the
direction of flow 
CzCz� are approximately 2 to 3 times higher
than those in the radial and tangential directions. This is due to
the high gradient of axial velocity. In developed flow, the
radial, and tangential velocities are quite small and, hence, their
gradients are also small. However, the magnitudes of variances
in radial and tangential directions are close to each other as it
can be seen in Figure 17. Similar to the flow of FCC particles
(Gidaspow and Huilin, 1996), isotropy does not hold.

Time averages of 
CrCr� and 
C	C	� is higher at the center and
lower at the wall of the riser. The trend for 
CzCz� is similar to that
for the variances of fluctuating velocity in radial and tangential
directions, except for the more dilute case. In this case, 
CzCz� has
a maximum somewhere between the center and the wall (See
Figure 15). Close to the center, the normal velocity fluctuations
increase as the solid fluxes increase. However, the fluctuation

values in radial, tangential, and axial directions are getting closer
near the wall. Isotropy can be a fair assumption in this region for
the given flow conditions.

The time-average values of the shear stresses per unit bulk
density, 
C	Cz� and 
CrCz� as a function of the radial position
for various solid flux and superficial gas velocity, are plotted in
Figures 19 and 20. The 
CrCz� values are close to zero at the
center and monotonically increase toward to the wall. This
behavior is similar to that for gas flow. Near the wall there is
generally a decrease as shown Figures 19 and 20. Shear
stresses allow us to estimate the restitution coefficients for the
particles (Tartan, 2003).

Granular Temperature

The granular temperature is calculated by using the follow-
ing definition

	 �t, x� �
1

3

CrCr� �

1

3

C	C	� �

1

3

CzCz� (18)

Figure 26. Normal stress per unit bulk density and nor-
mal Reynolds stress per unit bulk density for
dense flow.
Ws � 43.9 kg/m2�s, Uo � 6.0 m/s. Level 4.2 m. ■ Vz’Vz’;
F 
CzCz�.

Figure 27. Total normal stresses per unit bulk density.
■Vz’Vz’; �
CzCz� (instantaneous); ‚
CzCz� (overall);
�
CzCz� � Vz’Vz’.

Figure 28. Shear particle and Reynolds stresses per unit
bulk density for dilute flux.
Ws � 14.9 kg/m2�s, Uo � 5.1 m/s. Level 4.2 m. � 
CzCz�;
�Vz’Vz’.

Figure 29. Shear particle and Reynolds stresses per unit
bulk density for dense flux.
Ws � 43.9 kg/m2�s, Uo � 6.0 m/s Level 4.2 m. � 
CzCz�;
�Vz’Vz’.
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By assuming that the fluctuations are equal in the radial and the
tangential directions, the definition can further be simplified to

	 �t, x� 

2

3

CrCr� �

1

3

CzCz� (19)

This assumption was experimentally verified in this study, as
seen in Figure 17. Figure 21 shows a comparison of the
experimentally measured granular temperature to the analytical
solution, and to the simulations for several values of the resti-
tution coefficients. The restitution coefficient of 0.98 is ob-
tained from the ratio of shear stress to granular temperature
(Eq. 20 in Gidaspow’s (2003) review). This equation can be
obtained by equating production of granular temperature due to
the shear gradient in the direction of flow, to dissipation due to
inelastic collisions. The biggest inaccuracy in this equation is
the neglect of dissipation due to the drag between the particles
and the fluid. The effect of the neglect of conduction in the core
introduces a smaller error than the neglect of the drag. The
effect of the drag can be roughly estimated from Gidaspow’s
(2003) Eq. 23. This equation includes the dissipation due to
drag using Stokes flow, and dissipation due to collisions. It has
to be corrected for the inapplicability of Stokes flow. The result
of such an estimate is a restitution coefficient much lower than
0.98. This rough analysis justifies the observed match of the
data to the numerical solution with the restitution coefficient of
0.89. However, the data empirically matches the analytical
solution with zero wall temperature. This solution is, of course,
not valid in the annular region. The computer code did not
predict well the granular temperature in the annular region.
This lack of agreement was probably due to the assumption of
axial symmetry and isotropy in the kinetic theory model.

Figure 22 shows that all the measured granular temperatures
in the core of the riser can be approximated by the analytical
solution, with zero wall granular temperature within experi-
mental error. Figure 23 shows the typical behavior of granular
temperature with time.

Reynolds Stresses

Variation of axial velocity as shown in Figure 24 permits the
determination of Reynolds stresses per unit bulk density. Equa-

tions given below are similar but not identical to those given
for particle stresses

v� i�x� �
1

T �
t

t�T

vi�t, x�dt (20)

v�iv�j�t, x� � �vi � v� i��vj � v� j� (21)

v�iv�j�x� �
1

T �
t

t�T

v�iv�j�t, x� dt (22)

where vi is the hydrodynamic velocity in ith-direction; i or j is
r, 	, z; and T is the time interval.

Shear and normal Reynolds stresses per unit bulk density
were computed for different fluxes and velocities analogous to
particle shear and normal stresses (Tartan, 2003; Tartan and
Gidaspow, 2002).

Comparison of normal stress per unit bulk density to the
normal Reynolds stress per unit bulk density for dilute flow is
shown in Figure 25. Except near the wall, normal Reynolds
stress per unit bulk density is substantially below the particle
stress per unit bulk density. At the highest flux, the normal
Reynolds stress per unit bulk density becomes much higher
than the particle stress per unit bulk density (see Figure 26).
This can be visually seen by observing the large fluctuations at
the wall. Figure 24 shows this effect quantitatively. The large
particle stresses per unit bulk density at the center of the riser
show that mixing occurs due to particle oscillations, similarly,
molecular type diffusion for fluids.

Tsuji et al. (1984) have a measured particle turbulent inten-
sity for 500 micron plastic particles for very dilute conditions.
Their turbulent intensity for air shows a similar behavior to that
of particles depicted in Figure 25. The turbulent intensity at the
center from Figure 25 is 0.128 vs. that of Tsuji et al. (1984) of
0.052 for a more dilute flow. Since the turbulence increases
with particle concentration, our data and trend are consistent
with that of Tsuji et al. (1984).

The Reynolds stresses per unit bulk density, and the particle
stresses per unit bulk density added up to total stresses for the

Figure 30. Effect of probe diameter on velocity mea-
surements.
Ws � 44.9 kg/m2�s, Uo � 6.4 m/s. Level 4.2 m.

Figure 31. Effect of probe diameter on stress measure-
ments.
Ws � 44.9 kg/m2�s, Uo � 6.4 m/s. Level 4.2 m.
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system. Total stresses per unit bulk density can be obtained
either by adding particle stresses per unit bulk density and
Reynolds stresses per unit bulk density, or by obtaining the
total stresses per unit bulk density by considering all the
frames together, independent of time. Figure 27 shows that
the computation of the total stresses per unit bulk density by
the two methods gives similar results. The small difference
is due to use of insufficient particles per frame. A similar
analysis was performed by Mudde et al. (1997) for gas-
liquid flow.

Figure 28 shows a comparison of the shear particle and
Reynolds stresses per unit bulk density for dilute flow. The
Reynolds stresses per unit bulk density are smaller than the
particle stresses per unit bulk density. However, for dense flow,
Figure 29 shows that the stresses per unit bulk density are close
to each other. This observation agrees with the analyses of
Dasgupta et al. (1998).

Effect of probe

Measurements were repeated using three different probes at
the highest flux. Figure 30 shows the duplicate particle velocity
in the center of the tube for 6.0 mm OD, and the velocities for
two smaller probes. The corresponding normal stresses are
shown in Figure 31. The effect of the probe is small. It is,
however, impossible to use the smaller probes for a frame-by-
frame analysis. The stress shown in Figure 31 is a sum of the
Reynolds stress per unit bulk density, and particle stress per
unit bulk density.

Laminar and Turbulent Viscosities

Table 5 shows laminar and turbulent viscosities computed
from the shear and Reynolds stresses using the equations
shown in the table. Table 5 also shows the kinetic theory
viscosity computed from the granular temperature measure-
ments, and the total viscosity obtained from pressure drop
minus the weight of the bed measurements. The laminar shear
viscosity is higher than the turbulent shear viscosity for low

solids fluxes. At the highest solids flux they are of the same
order of magnitude. The viscosity obtained from the kinetic
theory is close to the viscosity obtained from the mixture
equation. The same result was obtained by Gidaspow and
Huilin (1996) for flow of FCC particles. These viscosities are
about double the shear viscosities. We believe these differences
are due to the strong anisotropy of flow.

Figure 32 shows a comparison of the kinetic theory, and the
total viscosity to that obtained from the simulation for the
low-flux flow. In general, the viscosities are nearly constant in
the core of the riser. This is due to the fact that the granular
temperature is nearly flat in the core, and the viscosity is almost
independent of the solids volume fraction in the range of riser
measurements.

Figure 32. Radial variation of solids viscosity.
Ws � 14.2 kg/m2�s, Uo � 4.9 m/s. Level 4.2 m. E Kin.
theory (simulation, e�0.98). ‚ Kin. theory (experiment) F
Total Stress (Simulation, e�0.98). Œ Total stress (experi-
ment).

Table 5. Estimate of Solids Viscosities

Ws (kg/m2 � s) r/R �s
laminar (mPa � s) �s

turbulent (mPa � s) �s
kin theory (mPa � s) �total (mPa � s)

14.9

0.29 12 2 26 39
0.58 12 4 26 26
0.87 9 1 19 12

21.4

0.29 7 3 30 36
0.58 9 1 27 33
0.87 18 3 24 23

43.9

0.29 16 22 40 34
0.58 16 16 33 37
0.87 10 7 24 38

�s
laminar �

�s�s
CrCz�

dvsz/dr

�s
turbulent �

�s�sv�srv�sz

dvsz/dr

�s
kin theory �

5�
�sdp�	

48�1 � e�go
�1 �

4

5
�1 � e�go�s�2

�
4

5
�s

2�sdp�1 � e�go�	




�total �

�
dP

dz

1

2
r2 ��

0

r

�s�sgrdr

�r
dvsz

dr
	

r
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Conclusions

(1) Time-averaged solid velocity profiles in the developed
region of a riser with a splash plate can be described by a
laminar type parabolic velocity distribution in the range mea-
sured. All the data can be fitted to the least square equation
Vz/2VM � 0.96 [1�(r/R)2] with a coefficient of determination
(R2) of 0.85.

(2) Granular temperature profiles for developed flow can be
described by a simple expression derived from kinetic theory
assuming the particles to be completely elastic, similar to the
thermal temperature distribution in Poiseuille flow with viscous
heat generation. All the data can be fitted to the least square
equation, 	/(�/
 VM

2) � 0.96 [1�(r/R)4], where the ratio of
viscosity to conductivity was equal to the theoretical value of
4/15, and Vm was the experimentally determined value of the
averaged-particle velocity. The coefficient of determination
(R2) was 0.65.

(3) Particle shear and normal stresses have been measured in
the developed region of the riser. The normal stresses in the
direction of flow are much larger than the tangential and radial
normal stresses. Similar anisotropy was observed for flow of
FCC particles in the riser (Gidaspow and Huilin, 1996).

(4) A numerical solution of the transient 2-D isotropic ki-
netic theory model, as given by Neri and Gidaspow (2000),
shows that the flow is in the developed laminar type core-
annular regime, and that the approximations made in the ana-
lytical solution are reasonable.

(5) Reynolds stresses were obtained by time-averaging hy-
drodynamic velocities. In the core, the Reynolds stresses are
much smaller than the velocity averaged shear stresses. Near
the wall, the Reynolds stresses are large, as visually observed.
This means that the mixing in a riser is due to particle oscil-
lations, like the molecular diffusivity for fluids. The total
stresses can be obtained as a sum of particle stresses and
Reynolds stresses, similarly to that done by Mudde et al. (1997)
for gas liquid flow.

Laminar type shear viscosities were generally smaller
than the turbulent shear viscosities. The viscosities com-
puted from the kinetic theory were close to those computed
from pressure, the drop minus the weight of bed measure-
ments. Complete understanding of riser flow requires mea-
surements of gas velocities, and the development of an
anisotropic kinetic theory.

(6) Measurements were done with probes of three different
diameters. The probe did not significantly affect the measure-
ments of velocity and stresses.
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Notation

c � instantaneous particle velocity
C � peculiar velocity, c-v
dp � particle diameter
e � coefficient of restitution
g � gravitational acceleration

go � radial distribution function
I � radiation intensity
n � number of particles
P � pressure

r � radial coordinate
R � pipe radius
t � time

T � time interval
Uo � superficial gas velocity

v � hydrodynamic velocity
VM � mean particle velocity, averaged over pipe radius
Ws � solid fluxes

Greek Letters

� � drag coefficient between phases
�k � volume fraction of phase “k”
� � stress
� � shear viscosity

 � granular conductivity
� � density
	 � granular temperature
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